Abstract. The paper deals with the problem posed by Katz and Morris whether the free product with amalgamation of any Hausdorff topological groups is Hausdorff, the negative solution of which (even for the particular case of a closed amalgamated subgroup) easily follows from the relevant result by Uspenskij. The topology of such a product is characterized by proving that it coincides with the so-called X 0 -topology in the sense of Mal'tsev for the corresponding pushout X in the category of Hausdorff topological spaces. Applying this characterization, it is proved that the canonical mappings of Hausdorff groups into their amalgamated free product are open homeomorphic embeddings if an amalgamated subgroup is open. This immediately implies that in that case this product is Hausdorff.
Introduction
Under the free product of topological groups A and C (being or not being Hausdorff) with a common topological subgroup B amalgamated we mean the topological group D given by the pushout
in the category of all (!) topological groups; here α and γ are obvious embeddings. Recall that the fact that (1.1) is a pushout means that for every pair µ and ν of continuous homomorphisms of resp. A and C into any topological group E, which agree on B, there exists a unique continuous homomorphism φ of D into E with φκ = µ and φλ = ν.
In [5] Katz and Morris posed the problem whether (i) the free product with amalgamation of any Hausdorff topological groups is Hausdorff, (ii) its underlying group is the amalgamated free product of the underlying groups and (iii) the canonical mappins of the given groups into the above-mentioned product are homeomorphic embeddings. Note that the negative answer to (i) easily follows from the result by Uspenskij [12] , [13] asserting that not every epimorphism in the category of Hausdorff topological groups has the dense range, and Remark 2.1 below. Indeed, if the free product of a Hausdorff topological group A by itself with an amalgamated subgroup B is Hausdorff, then B is an equalizer of some pair of continuous mappings into a Hausdorff space, and hence B is closed. But even in that case the free product of Hausdorff groups with amalgamation is not necessarily Hausdorff since otherwise every closed embedding would be an equalizer of some pair of continuous homomorphisms which contradicts the above-mentioned result by Uspenskij.
Though (i) has the negative answer, the range of particular cases where the problem has the positive answer is known. For instance, Ordman settled the problem for some locally invariant Hausdorff groups [11] . Khan and Morris solved the problem in the case where the amalgamated subgroup is central [7] , [8] . The important case where the given Hausdorff groups are k ω -groups is dealt with in three papers by Katz and Morris. Namely, in [4] they obtained the desired result for the case where the amalgamated subgroup is closed and normal, while in [5] the authors proved the statement for the case where the amalgamated subgroup is compact. In [6] they weakened the latter condition, replacing it by the so-called beseder condition. Later, Nickolas generalized these result by proving that the free product of any k ω -groups with a closed subgroup amalgamated is a k ω -group [10] and the canonical mappings of these groups into this product are closed homeomorphic embeddings.
Let us also distinguish the particular case of the trivial amalgamated subgroup. In that case the answer to the above-posed problem is given by the following theorems applied in our discussion. Theorem 1.1 (Graev [3] In this paper we describe the topology of the free product of any Hausdorff topological groups with amalgamation by proving that it coincides with the so-called X 0 -topology in the sense of Mal'tsev [9] for the corresponding pushout
in the category of Hausdorff topological spaces. The proof is based on the simple observation that a pushout of closed homeomorphic embeddings in the category of Hausdorff topological groups is precisely the Hausdorff topological group determined in the sense of [9] by X and a special set of relations. According to the found description a subset O is open in D if and only if the following conditions are satisfied:
(ii) for any n ≥ 2 and x 1 , x 2 , . . . , x n ∈ X with
there exist neighborhoods W 1 , W 2 , . . . , W n in X of resp. x 1 , x 2 , . . . , x n with
there exists a neighborhood W in X of x with
Applying this fact, we prove that the canonical mappings of Hausdorff topological groups into their amalgamated free product are open homeomorphic embeddings if an amalgamated subgroup is open. This immediately implies that in that case this product is Hausdorff.
Though we use the category approach to the issue, only little knowledge of category theory is needed for reading the paper. We assume that the reader is familiar with basic notions such as "category", "pushout", "equalizer","(left adjoint) functor", and the well-known fact that a left adjoint functor preserves pushouts (and other colimits).
Free Products of Hausdorff Groups with Amalgamation
Let us begin with the following Remark 2.1. Since the forgetful functor
where Top(Grp) is the category of topological groups, while Grp is that of discrete groups, has a right adjoint (sending a discrete group to itself, but equipped with an antidiscrete topology), it preserves the free products with amalgamation. Therefore the underlying group of the free product D of topological groups A and C with an amalgamated subgroup B is the amalgamated free product of the corresponding underlying groups. Therefore, κ(A) ∪ λ(C) generates D algebraically. Moreover, for any pushout (1.1) in Top(Grp) with injective α and γ, so are κ and λ, and we have
Below, when no confusion might arise, we will identify the elements of A and C with their images under resp. κ and λ.
For the reader, with deeper knowledge of category theory, we note that the functor F is, in fact, topological (Wyler [14] ). Therefore Top(Grp) has all (small) limits and colimits, and F preserves them (see, for example, [1] ).
Let us now describe the topology of the free product of Hausdorff topological groups with amalgamation. To this end recall Mal'tsev's notion [9] * * of the Hausdorff topological group determined by a Hausdorff topological space X and a set of relations
i ∈ I, where t i is a group term on the variables x i 1 , x i 2 , . . . , x in i from X. Such a group is defined as a Hausdorff group G equipped with a continuous mapping σ : X −→ G, for which (i) G is the smallest closed subgroup containing σ(X); (ii) σ maps the left-hand part of (2.2) into the unit for all i ∈ I and, moreover, is universal among continuous mappings (into Hausdorff groups) with this property, i.e. for any such continuous mapping θ : X −→ G ′ with Hausdorff group G ′ , there exists a (unique) continuous homomorphism φ : G −→ G ′ with φ σ = θ. The problem of the existence (and uniqueness up to an isomorphism) of the Hausdorff topological group determined by any Hausdorff topological space X and any set of relations was positively solved in [9] .
When the set of relations is empty, G is called the free Hausdorff topological group over X [9] . Note that such G is precisely the image of X under the left adjoint for the forgetful functor Haus(Grp) −→ Haus, * * Mal'tsev introduced this notion and that of the X 0 -topology to be mentioned below, in a more general context of any variety of universal algebras.
where Haus(Grp) is the category of Hausdorff topological groups, while Haus is that of Hausdorff topological spaces. Moreover, the Hausdorff group determined by the Hausdorff space X and any set of relations is merely the quotient-group of the free Hausdorff group over X by a suitable normal closed subgroup.
Our discussion is based on the observation that for any Hausdorff topological groups A, C, their common closed subgroup B and the pushout
in the category of Hausdorff topological groups, D in (2.3) is precisely the Hausdorff topological group determined by the Hausdorff space X given by the pushout
in the category of Hausdorff topological spaces and the set of relations 1 = 1,
and c 1 c 2 c
6) for all a 1 , a 2 , a 3 ∈ A and c 1 , c 2 , c 3 ∈ C, for which equalities (2.5) and (2.6) are valid in resp. A and C. Recall that the underlying set of the space X is the free union of the sets A\B and C, while the open sets in it are sets W such that both ϕ −1 (W ) and
Remark 2.2. We have restricted our consideration to the case of a closed common subgroup B since otherwise the space X need not be Hausdorff. It is obvious that our observation remains valid for arbitrary B if the word "Hausdorff" is omitted everywhere in it and in the corresponding Mal'tsev's definition, too.
Further, let us recall yet another notion by Mal'tsev [9] . Let X be a topological space, and let G be a (discrete) group containing X as a subset. One has the so-called X 0 -topology on G. The open sets in it are subsets O such that for any group term t(x 1 , x 2 , . . . , x n ) on the variables x 1 , x 2 , . . . , x n from X with
there exist neighborhoods W 1 , W 2 , . . . , W n in X of resp. x 1 , x 2 , . . . , x n such that t(W 1 , W 2 , . . . , W n ) ⊂ O. If X is closed under inverse elements, then the latter condition is obviously equivalent to the following ones:
It is clear that if, moreover, X is a subgroup of G, then the condition (ii) is equivalent to its weak version, formulated only for n = 2. If, in addition, X is a topological group with respect to the available topology, then (i) implies both (ii) and (iii). Note that, in general, the X 0 -topology is not compatible with the algebraic srtucture of G. However, sometimes this is the case. To verify (ii), let us consider x 1 , x 2 , . . . , x n ∈ X with 
of equivalence classes from resp. W 1 , W 2 , . . . , W n are open in X and contain resp. x 1 , x 2 , . . . , x n . Moreover,
For the condition (iii), let x ∈ X and 
be a pushout in the category Top of topological spaces, while the external one be a pushout in that Top(Grp) of topological groups. Let α and γ be injective mappings. Then so is ω, and D has the X 0 -topology.
Proof. The injectivity of ω follows immediately from Remark 2.1. To determine the topology of the group D, consider the diagram
where, again, the internal rectangle is a pushout in Top, while the external one is a pushout in Top(Grp). In other words, X ′ is the coproduct of (A, 1) and (C, 1) in the category of topological spaces with a fixed point, while D ′ is the coproduct (i.e. the free product) of A and C in Top(Grp).
From Remark 2.1 we conclude that ω ′ is injective. Let us show that ω ′ is a homeomorphic embedding. To this end, consider an open subset W of X ′ and show that for any x ∈ W , there exists a neighborhood First we consider the case where n = 2. Let x 1 , x 2 ∈ X with x 1 x 2 ∈ W . It is clear that both x 1 , x 2 belong either to A or to C because otherwise the product x 1 x 2 would belong to D\X. Let x 1 and x 2 lie, say, in A. Then any neighborhoods U 1 and U 2 in A of resp. x 1 and x 2 with U 1 U 2 ⊂ W ∩A are the desired ones.
Assume that n > 2 and the statement is valid for (n − 1). Consider x 1 , x 2 , . . . , x n ∈ X with x 1 x 2 · · · x n ∈ W. If no two x i , x i+1 lie in one and the same G j (here G 1 = A and G 2 = C), then x 1 x 2 · · · x n ∈ D\X, which is impossible. Therefore there exist x i and x i+1 from one and the same G j . Since
and x i x i+1 ∈ X, by the assumption of mathematical induction, we have neighborhoods
By what has been proved above, there exist neighborhoods W i and W i+1 in X of resp. x i and x i+1 with
Therefore the system of neighborhoods When an amalgamated subgroup is open, one can give another, more explicit, characterization of the topology of the free product of Hausdorff groups with amalgamation. Proposition 2.9. In the conditions of Theorem 2.5, the X 0 -topology on D is weaker than that generated by sets of the form
8)
9)
10) a 1 , c 1 , a 2 , c 2 , . . . , a n , c n with 
